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Abstract
Insights into crowd behaviour and mobility patterns can be used to improve disease spreading models. We study how a hypothetical
disease spreads in a crowd ﬂow in a corridor. We compare a traditional macroscopic SEIR model with a mesoscopic analytical
model showing the relationship between the rate of infection and the crowd density. After that, we apply our analytical description
to the complex scenario of the London Underground by studying a system of a central station and all its connections. This allows
us to identify the key parameters of how a disease might spread through a public transport network.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of PED2014.
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1. Introduction
The study of epidemiology through mathematical descriptions was ﬁrst conceived in 1927 when Kermack and
McKendrick (1927) proposed what would later been modiﬁed and deﬁned as an S IR model, that divided a population
into three compartments; (i) susceptible S , (ii) infected I; and (iii) recovered/removed R, and devised a set of diﬀer-
ential equations to model the transition rates from each of these states to the others. The main problem of this kind of
aproach is that the population results to be homogeneous and well mixed i.e. each individual has the same probability
of contracting the disease. This assumption is tied to the fact that mathematically the contact between individuals
depend from a constant parameter (the contact rate) and while it helps the description by creating a relatively simple
model it is far from realistic in real life scenarios.
Since the beginning of the 21st century, mathematical epidemiology has found in the use of complex networks a
new and more precise way to tackle the problem by Pastor-Satorras and Vespignani (2001); Moreno et al. (2002)
and while this has greatly improved the modelling accuracy at large scales, there is still limited understanding of the
eﬀect of crowd behaviour that come into play in densely crowded and conﬁned spaces such as transport hubs, mass
gatherings, and city centres.
The goal of this study is to improve compartmental models by using insights into crowd behaviour and mobility
pattern to elude the well-mixed assumption by constructing a density-dependent contact rate. We will start analysing
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a simple scenario of people moving in a corridor and show how this approach create a whole new range of solutions
that are neglected by the classical approach.
2. Traditional vs Improved density-dependent SEIR Models
We study the case of people moving unidirectionally in a corridor of length L and width w by a traditional com-
partmental model approach ﬁrst and by a crowd-dynamics improved model later.
We ﬁrst assume that the time scale (i.e. maximum simulated time) is smaller than the recovery time and exposed
time this means that we will not take secondary infections into account so when people are infected they become
exposed E but not infective yet.For simulation simplicity we assume that only 1% of the individuals are in the Infected
state throughout our simulation. We also assume that the mixing rate (i.e. the rate of arrival of new pedestrians) around
infected individuals due to variable walking speeds is much higher than the rate of infection (which means that we do
not need to take local saturation eﬀects into account).
To make the model more practical for diﬀerent population sizes, we normalise the model according to s = S/N,
e = E/N, i = I/N, where N = S + E + I is the total population size.
s˙ = −λis
e˙ = λis
i˙ = 0
(1)
where i = 0.01 and λ is the per-capita transmission rate. Here λ is deﬁned as a constant, reﬂecting the average
number of contacts within a population and does not incorporate the eﬀect of crowd behaviour which can lead to
characteristically diﬀerent contact rates in diﬀerent scenarios.
Since we want to take crowd behaviour explicitly into account, we will now propose an improved model where λ
will depend on the spatio-temporal distribution of crowd density.
Earlier works by Xie et al. (2007); Zhu et al. (2006); Zhao et al. (2005) have studied distances that large droplets
are carried; (i) 6 m away by exhaled air at a velocity of 50 m/s (sneezing); (ii) 2 m away at a velocity of 10 m/s
(coughing); and (iii) 1 m away at a velocity of 1 m/s (breathing); we assume that infected individuals can spread the
disease only in a certain infective area of radius R that surrounds them, the extent of this area will depend on the
speciﬁc disease considered. In our case, each infected individual can only reach n other individuals within a 1-metre
radius. This number n(t) is time dependent, n(t) = ρ(t)πR2, since it depends on the local density ρ(t) (1/m2) of the
crowd surrounding each infected individual, multiplied by the area πR2 where an infection can take place.
We know from Johansson (2009) that if a random location is picked somewhere within an open space with area A
(m2) and the average density  (of the whole corridor) is  = N/A, the local density ρ can be described by a Gamma
distribution, according to Eq. (2).
ps(ρ; A; B) = BA
1
Γ(A)
ρA−1e−Bρ (2)
where A = 3μ = 3 = 3N/(Lw),  is the global density of the whole corridor, and B = 3.
Moreover, if a random pedestrian i (in our case an infected individual) is picked at a random time t, the local density
ρ around individual i will follow the distribution in Eqs. (3) and (4).
pt(ρ; A; B) =
ps(ρ; A; B)
〈v(ρ)〉 ×
1
ρmax
∫ ρmax
0
〈v(ρ)〉dρ
︸︷︷︸
Normalisation factor
(3)
where:
0.05 ≤ 〈v(ρ)〉 = 1/
√
ρ − 1/√ρmax
0.5
≤ 1.34 (4)
2
515 Lara Gosce` and Anders Johansson /  Transportation Research Procedia  2 ( 2014 )  513 – 517 
Figure 1. Left: Probability-density of the spatial distribution ps of the local crowd density ρ in a space with an average crowd density  = N/A = 3
m−2 as an example, compared with the (spatio-)temporal distribution pt of local density across the same space. Right: Dependency of per-captita
infection rate λ on average crowd density  = N/A. From Ref. Gosce` et al. (2014).
is the average velocity (1.34 m/s is the average value of the free speed when the corridor is empty [see Johansson
(2009)] and ρmax is the possible maximum value of the density.
This translates in walking speed being a decreasing function of crowd density so individuals spend relatively longer
periods of time in crowded areas compared to less crowded areas, pedestrians walk slower when they are in dense
regions compared to less dense regions. Therefore, from an individual perspective, the average value of the local
density around an infected individual is given by Eq. (5).
〈ρ〉 =
∫ ∞
0
pt(ρ)ρ dρ (5)
which means that, substituting this value in the deﬁnition of the contact rate we obtain:
λdensity-dependent = c〈ρ〉πR2 (6)
where c is the fraction of i − s contacts that actually lead to an infection.
To show the population-scale impact of our proposed model, we simulate a hypothetical disease based on the
Inﬂuenza model in Ref. Nichol et al. (2010), with a transmission rate βday = 0.5 per day.
Fig. 2 shows how the new model create a whole new range of solutions that are totally neglected by the previous
model where the transmission rate is constant respect to the density and human mobility is not taken into account.
These results prove that the Old S IE model can signiﬁcantly under (or even over)-estimate the number of new infec-
tions.
3. London Underground study
To apply the previously studied epidemic model in the context of the London Underground we need some input
data tied to the speciﬁc considered case, one of these is the value of the average density of the studied area.
To do so, a large dataset has been collected from TfL (Transport for London), that include: number of passengers
entering and exiting each station every 15 minutes time intervals, stations timetables, stations depth and length of the
platforms. In particular, origin-destination data is provided from a sample of travellers in November 2009. To analyse
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Figure 2. Numerical results showing how the number of individuals in the exposed state e depend as a function of time t and average density
 = N/A. The two surfaces correspond to a traditional compartmental model (referred to as ‘Old SIE model’ and the model we propose in this
paper referred to as ‘Density-dependent SIE model’). From Ref. Gosce` et al. (2014).
Figure 3. The image shows the selected studied station Piccadilly Circus and some of its directly connected stations.
these data we build a mathematical model that allows us to estimate the average density of each station in speciﬁc
time slots.
The main idea is to study the average density of each station by analysing all the reported trips from the November
2009 sample in respect to the timetables data. By knowing the time that the passengers require to walk through the
station at a certain time slot we can evaluate the velocity and use a (density-induced) decrease in walking speed to
infer crowd density of the station in that speciﬁc time interval.
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We noticed how, in certain time slots, it takes a disproportionally longer amount of time to walk across the station.
As a case study we look at Piccadilly Circus underground station. For example, between 6:00 and 6:15 am (i.e.
before the morning peak) the average time that passengers take to walk from the train to the exit is 104 seconds while,
between 9:00 and 9:15 pm the time is more than doubled and equal to 209 seconds. The larger time to leave the station
can be interpreted as a crowd-induced delay in walking speed and thus, a corresponding crowd density value can be
inferred, which can be inserted into the previously introduced disease-spreading model.
4. Conclusions
Our study shows how detailed insights gained from data-driven crowd research can be utilised to improve current
disease spreading models in an analytically tractable way. Thus, the spread of disease depends strongly on the be-
haviour of the crowd, and in particular the contact rate is a key parameter in the study of the evolution of a disease
and it varies considerably depending on the density of the population in the studied environment.
Having a more precise prediction of what may, or may not, happen in crowded environments in terms of contagion
between individuals could be highly useful to be able to devise adaptive control strategies during mass gatherings, in
busy transport hubs, or for day-to-day life in cities.
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